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ABSTRACT 

In this research, the problem of location-hierarchical allocation of crowded facilities has been investigated by consi-
dering customers’ priority in serving within the framework of queuing systems. The objective functions of the prob-
lem are focused on minimizing the total waiting time of customers and minimizing the maximum unemployment of 
each facility. The problem model is a multi-objective nonlinear programming model, and to evaluate the efficiency of 
the model, examples in different dimensions have been solved by a multi-objective genetic algorithm (NSGA-II) 
based on minimal sorting. Since the performance of meta-heuristic algorithms is highly dependent on their parameters, 
the parameters of this algorithm are adjusted using the Taguchi design. The results show that the establishment of the 
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priority system has reduced the average waiting time of all customers compared to the shift system, so it can be con-
cluded that if in designing hierarchical facilities, the goal is to reduce the waiting time of a particular class of custom-
ers, they should Prioritize. 
 
Keywords: Location - Hierarchical Allocation, Queue Theory, Crowded Facilities, NSGA-II Algorithm, Shift System 
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1. INTRODUCTION 

In most cases, there are several levels of facilities, 
each providing a different level of service, compared to the 
other levels. Such systems with a multilevel or hierarchical 
structure are common in the public and private sectors, 
including school systems, bank branches, ATMs and public 
health services (Marianov and Serra, 2001; Roozitalab, 
2020). Therefore, it is crucial to evaluate this type of loca-
tion problem. However, facility service time compared to 
consecutive customer visits is considerable and the forma-
tion of queues or crowds is inevitable in most real-world 
applications of hierarchical location problems. One of the 
important aspects of considering this significant factor in 
most real-world applications is analyzing the queue sys-
tems generated and criteria such as mean waiting time in 
the queue and system (Goli and Malmir, 2020). Given the 
uncertainty in times between customer arrivals and service 
times, the location problem of crowded facilities is recog-
nized as a complicated issue for modeling and solution. 
With regard to studies performed in this area, we consider 
the research gap in the area of multilevel facilities in the 
location of crowded facilities along with the comparison of 
the effect of priority in customer service provision with 
non-prioritized service provision (shift system) in the 
present study. The remainder of the research is structured as 
follows: the next section evaluates the relevant literature 
and reviews multiple studies in the field of location-
hierarchical allocation problems and crowded facility loca-
tion-allocation problems. Section 2 expresses the problem 
and the problem model and its indices, parameters, and 
premises. Section 3 provides details of the model solution 
and reports results, and Section 4 concludes and makes 
suggestions for future studies.  

2. LITERATURE REVIEW 

2.1 Location-Hierarchical Allocation Problems  

Mitropoulos et al. (2006) modeled (nested hierar-
chical location by considering maximum covering the 
distance in the health field with a two-level structure, 
including health center levels and local hospitals. They 
considered two factors of efficiency and equal distribution 

of facilities among citizens to be important for an optimal 
design of a healthcare system and expressed the efficien-
cy factor in the form of the objective function of minimiz-
ing the total distance between patients and facilities and 
the equal distribution factor in the form of the objective 
function of minimizing the maximum facility distance 
between patients and facilities. Hodgson (1986) focused 
on the modeling of primary healthcare facilities with a 
three-level nested structure and considered the objective 
function of minimizing the total distance between the 
demand points and the nearest appropriate facility for all 
demand levels. The result was a logical hierarchical sys-
tem, in which demand at every level is met at the nearest 
appropriate facility, but is unrealistic in practice. In addi-
tion, they proposed an interactive model, the objective of 
which was to minimize the distance predicted by individ-
uals while considering the possibility of being referred 
from the first place to another higher-level location. 
Moreover, decision-making was carried out based on the 
sum of the expected reference distances in the whole hie-
rarchical system. 

Since the early 1940s, several models have at-
tempted to rationally justify the travel behavior of cus-
tomers. For instance, researchers such as Mitropoulos et 
al. (2006), Hodgson (1986) have referred to the unrealis-
tic assumption of the referral to the nearest facility ac-
cording to the theory of spatial interaction. In fact, Mitro-
poulos et al. (2006) believe that facility attractiveness to 
people depends on the quality of services provided by 
various facilities in addition to the proximity criteria. On 
the other hand, Hodgson proposed an interactive model 
entitled expected referral distance, which exhibited sever-
al types of customer travel behaviors and was designed 
based on the expected referral distances. In a research, 
Teixeira and Antunes (2008) emphasized the importance 
of attention to constraints of customer allocation to facili-
ties in general facility location problems, and analyzed a 
spatial model for user allocation to facilities. Fard and 
Hajaghaei-Keshteli (2018) addressed a hierarchal nested 
allocation problem while simultaneously considering re-
verse flow between different levels and forward flow. 
They considered customer zones, distribution centers, and 
recovery centers in their model’s structure and carried out 
the modeling process using the Stackelberg game. To 
solve the model, they introduced two new models of the 
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Keshtel algorithm and water wave optimization algorithm 
in addition to three algorithms of tabu search, particle 
swarm algorithm and neighbor search and solved the 
model using the two new algorithms. Since metaheuristic 
algorithms are highly dependent on their parameters, the 
optimal values of the algorithms were determined using 
the Taguchi design. In another study, Mousazadeh et al. 
(2018) focused on a hierarchical three-level health service 
network design problem with the objective of minimizing 
the total establishment cost and total weighted distance 
between patient zones and health facilities at each level. 
The model was presented in a mixed-integer nonlinear 
programming framework, and four robust optimization 
approaches were applied to solve the model. In the end, 
the performance of the approaches was evaluated and 
analyzed. Zarrinpoor et al. (2018) focused on a hierar-
chical allocation problem in health service network de-
sign. Their model had a two-level and multi-flow struc-
ture and was solved while considering uncertainty in de-
mand and services and geographical access. In this model, 
patient prioritization was considered, meaning that the 
priority was to serve the emergency patients. In addition, 
service quality was considered in the average expected 
time of priority queues and the risk of disruptive events. 

2.2 Crowded Facility Location-Allocation Problems  

In research, Wang et al. (2002) studied a crowded fa-
cility location problem with immobile servers for modes in 
which a maximum of one server is based in each facility. 
Notably, the M/M/1 queueing system was used in the fore-
going study. By developing Wang’s model into a multi-
server facility, Berman and Drezner (2006) evaluated 
M/M/c systems in congested facility locations with immo-
bile servers. In research, Pasandideh and Niaki (2012) pre-
sented a rare model that simultaneously considered both 
aspects of customer and server in the objective function. 
They presented a bi-objective model for simultaneous mi-
nimization of total time spent by customers (travel times 
and waiting times in the system) and idle-time percentage. 
The model’s premise was the establishment of only one 
server in each facility, which meant that the queued model 
was of M/M/1 type. Chambari et al. (2011) proposed a bi-
objective model with simultaneous considering of two cus-
tomer and server aspects. The objective functions of the 
model included the simultaneous minimization of travel 
times and waiting times of customers and idle percentage 
of servers. The main premise of the model, which distin-
guished it from previous models, was considering con-
strained waiting space capacity in each facility, which led 
to the use of M/M/1/k queue systems.  

Hamaguchi and Nakade (2010) considered a facility 
location problem with fixed facilities based on an M/G/1 
queuing system, and intervals between consecutive in-
flows of customers followed an exponential distribution 

but the serving times were considered as a whole distribu-
tion. Harewood (2002) conducted a research to model 
ambulance location problems by modeling the partial 
coverage problem with a specified number of facilitation 
and multiple objective functions. The objective functions 
included the maximization of the covered population and 
minimization of demand covering costs. In addition, a 
possible queueing approach was used for calculating the 
probability that all servers in a given region are busy. To 
this end, each facility’s behavior was considered to be in 
the M/M/m/K format and the minimum number of serv-
ers required to cover the demand points with a certain 
possibility was calculated following determining the min-
imum confidence level and calculating the probability of 
business of all servers in each facility.  

Aboolian et al. (2009) introduced a new model for 
the network location of the center with the objective func-
tion of minimizing the maximum time spent by customers, 
including the travel time and waiting time. Each facility 
was considered as an M/M/m queue system, and server 
allocation was taken into account in the problem. Moreo-
ver, evaluated the location-allocation problem in a con-
gestion network based on the objectives of minimizing 
the total costs of the system (including the fixed facility 
development costs and variable costs related to customer 
travel and waiting expenses). The M/M/c model was con-
sidered for each facility in the mentioned research. In 
another study, Rahmati et al. (2013) proposed a location 
model within a multi-server queuing framework, in which 
facilities behaved as M/M/m queues. They also consi-
dered server staffing costs and service level costs in the 
model. Hajipour et al. (2016) suggested a model with 
multiple objective functions for a multi-level congestion 
facility problem within the framework of the M/M/1 
model. Their proposed model included three objective 
functions of minimizing the total customer travel and 
waiting time in the system, minimizing the maximum 
possibility of facility idle time, and minimizing the num-
ber of facilities the cost of facility development. The sys-
tem’s structure was such that the facilities at different 
levels provided various services and each customer 
should receive service from facilities of all levels. They 
solved the model with a metaheuristic multi-objective 
vibration-damping optimization (MOVDO) and the mul-
ti-objective harmony search algorithm (MOHSA), non-
dominated sorting genetic algorithm (NSGA) and multi-
objective refrigeration simulation and compared the ob-
tained results.  

Using the M/M/c/K queue model along with adding 
pricing and determining the capacity of facilities, Tavak-
koli-Moghaddam et al. (2017) presented a new model, in 
which the number of servers, queue capacity and service 
delivery price of each facility were considered in addition 
to the location and allocation variables. In addition, the 
number of servers and capacity of each established capac-
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rameter. A certain number of potential points exist for 
locating the facilities of each level, and the objective of 
the problem is to choose an appropriate location among 
potential locations for the establishment of a proper 
number of facilities at each level. In addition, customer 
allocation to each facility of each level is carried out in 
two modes of priority system and shift system in serving 
(Barzamini and Ghassemian, 2019). The phenomenon of 
congestion and queue formation is also considered in the 
present research. Given that each customer point follows 
the Poisson distribution, the demands allocated to each 
facility, which is the total number of Poisson distribu-
tions, have Poisson distribution. Furthermore, each facil-
ity has a server with an exponential service time. There-
fore, each facility is an M/M/1 queue system. However, 
the facilities have no capacity constraint, and the system 
productivity coefficient is considered below one in the 
long term. The conceptual model of the problem is pre-
sented in Figure 1. 

A multi-objective non-linear integer programming 
model is presented below, the first and second objective 
functions of which is minimizing the total waiting time of 
customers in the facility queue and minimizing the max-
imum idle time of facilities, respectively. Evidently, the 
objectives are contradictory since the system’s waiting 
time improves with decreasing the possibility of idle time. 
In addition, idle time decreases with increasing the wait-
ing time in the system. These objective functions create a 
balance between the objectives of the customers and the 
owners of the system since the first objective function 
works for the benefit of the customer and the second ob-
jective function works for the benefit of the system and 
the owners. 

3.1 Hypotheses 

- Each customer receives service from each level 
only once and it is not possible to return to the past 
station and withdraw from receiving the service.  

- Each facility is considered in the format of the 
M/M/1 queue model.  

- The interval between the entrance of customers 
and service provision times are independent of 
each other.  

- The productivity coefficient of each facility is be-
low one.  

- The server is considered to be immobile and cus-
tomers refer to the facilities to receive services.  

- All demands are met completely and there is no 
missing demand.  

- In the priority mode, customers with a higher 
priority are placed at the beginning of the facility 
serving queue to receive services sooner than oth-
ers. On the other hand, service is provided based 
on the FIFO policy in the shift system.  

3.2 Model Indices and Sets  

i : Set of customer points (demand)  i=1, …, M 
j. j’ : Set of potential facility points at each level    

j, j’=1, …,  N 
1 : Facility level index l 1, ,K= …  

3.3 Model Parameters  

Di: Average demand of the i-th customer  μ୪: Rate of serving in each facility at the l-th level 

3.4 Model Decision Variables  

jly 1= , if the j-th facility of the l-th level is estab-
lished; otherwise, jly 0= . 

ijlx 1= , if the i-th customer is allocated to the j-th fa-
cility of the l-th level; otherwise, ijlx 0=  

1z : Minimization of the total customer waiting time 
in the facility queue  

2z : Minimization of maximum facility idle time  
jlλ : Average rate of entrance into the j-th facility of 

the l-th level 
jlwq : Customer waiting time in the queue of the j-th 

facility of the l-th level 
(i)
jlwq : Customer waiting time with i-th priority in the 

queue of the j-th facility of the l-th level 

3.5. Mathematical Model of the Problem 
M N K

1 jli 1 j 1 l 1
Min z wq

= = =
=∑ ∑ ∑  )1(  

{ }2 j 1,2, ,N 0 jl jl
l 1,2, ,k

Min z max π y= …
= …

=  (2) 

M
jl i ijli 1

λ d x j 1, , N l 1, , k
=

= = … = …∑  (3) 

jl lλ μ     j 1, , N l 1, , k≤ = … = …  (4) 

jl
0 jl

l

λ
π 1 j 1, , N l 1, , k

μ
⎛ ⎞⎟⎜ ⎟= − = … = …⎜ ⎟⎜ ⎟⎜⎝ ⎠

 (5) 

N
jlj 1

y 1 l 1, , K
=

≥ = …∑  (6) 

M
jl ijl jli 1

y x My j 1, , N l 1, , K
=

≤ ≤ = … = …∑  (7) 

N
ijlj 1

x 1 l 1, , K j 1, , N
=

= = … = …∑  (8) 

'

N N
ij'(l 1) ijlj 1 j 1

x x 1 l 2, , K i 1, , M−= =
= = … = …∑ ∑  (9) 

{ }jl ijly .x 0.1∈  (10) 

Equation 1 shows the minimization of the total cus-
tomer waiting time in the facility’s queue. Equation 2 
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indicates the minimization of maximum facility idle 
time. Obviously, there is a contradiction between the 
two objective functions above since, while the total 
waiting time of customers in the queue decreases with 
increasing the service rate of the facility, the possibility 
of facility idle time increases and vice versa. Therefore, 
facilities must be established in a way that balance 
would be created between the mentioned objectives. 
Equation 3 calculates the mean rate of entrance into 
each facility, whereas Equation 4 guarantees the condi-
tion of long-term system stability. Equation 5 calculates 
the probability of facility idle time in the long term 
while Equation 6 guarantees that a minimum of one 
facility is established at each level. Equation 7 ensures 
that customers must be allocated to the established facil-
ities, and a minimum of one customer and maximum of 
the entire customers must be allocated to each facility. 
Equation 8 guarantees that each customer must receive 
service from only one of the facilities at each level. Eq-
uation 9 guarantees that customers must pass all levels. 
Finally, Equation 10 shows the range and type of model 
decision variables. 

3.6 Analysis of Customer Waiting Time  

3.6.1 Customer Waiting Time in Priority System  
Since the priority system is mathematically tricky 

and complicated, the obtained results related to different 
models of the system are limited. The model considered 
in the present study is such that the customers enter the 
facilities of different levels based on the Poisson process 
with the (λ)  parameter, and the service delivery rate is 
equal to (μ)  for all customers with different priorities. In 
this model, the priority system is established and custom-
ers have 1, 2, 3, …, M priorities. Customers 1 are as-
sumed to have the highest priority, followed by customers 
2 and others. Ultimately, the priority of (M-1) customers 
is higher than customers (M). In addition, the number of 
servers in each facility is equal to one person. According 
to the premises, the waiting time of the customer with the 
k-th priority in the queue is calculated using the equation 
below (Basciftci et al., 2021): 

(k)
jl (k 1) (k)

jl jl jl

1wq ;J 1, , N l 1, , K
A B B

k 1, 2, , M

−= = … = …

= …
 (11) 

( )2
l

jl
jl

μ
A ; j 1, , N l 1, , N

λ
= = … = …  (12) 

(0)
jl

k
s sjl(k) s 1

jl
l

B 1                      
; j 1, , N l 1, , Kd x

B 1
μ

s 1.2, , M

=

⎧⎪ =⎪⎪⎪⎪ = … = …⎪⎨ = −⎪⎪⎪⎪⎪ = …⎪⎩

∑  (13) 

M i ijl (i)
qjl jli 1

jl

d x
w wq ; j 1, , N l 1, , K

λ=
= = … = …∑  (14) 

3.6.2 Customer Waiting Time in the Shift System 
In the shift system, the desired model is such that the 

customers enter the facilities of various levels based on 
the Poisson process with ሺλሻ parameter, and the service 
delivery rate is considered similar and equal to ሺμሻ for 
all customers. In this model, the shift system is estab-
lished and customers have no priority over each other. In 
addition, the service delivery process is based on the 
FIFO policy. Moreover, the number of servers in each 
facility is equal to one person. Therefore, the customer 
waiting time can be calculated by the following equation 
using the mentioned premises (Roozitalab, 2022; Bascift-
ci et al., 2021): 

jl
l l jl

1wq ; j 1, , N l 1, , K
μ (μ λ )

= = … = …
−  (15) 

3.7 Proposed NSGA-II Algorithm 

The modified version of NSGA and GA-based, the 
NSGA-II is one of the conventional methods used to 
solve multi-objective problems. Figure 2 shows the flow-
chart of the NSGA-II algorithm. 
 

The NSGA-II has the following steps (Goli et al., 
2021):  
 

 
Figure 2. Flowchart of NSGA-II algorithm. 
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Step 1: a random initial solution with the size of 
1,...,i pop= is generated, k number of NSGA-II algorithm 

iteration is set to 1 (k=1). 
Step 2: particles are sorted based on dominance and 

are divided in fronts. The lower the number of fronts, the 
higher the number of particles dominated by those exist-
ing in the front. Accordingly, the following steps are car-
ried out for each particle, such as P particle: 

Step 2-1: SP is considered as the total number of 
population members dominated by P particle and its value 
is considered to be zero (SP=0). 

Step 2-2: Np is considered as the frequency of do-
minance of P particle, compared to other particles, and its 
value is considered to be zero (Np=0). 

Step 2-3: the following steps are carried out for each 
population member n=1,…,pop_size, similar to q.  

Step 2-3-1: q will be added to SP if P particle is able 
to dominate q particle.  

Step 2-3-2: a unit will be added to Np if q particle is 
able to dominate P particle.  

Step 3: if Np=Ø following the assessment of all par-
ticles, then it could be concluded that P is dominated by 
none of the other particles. Therefore, P is added to f1. In 
other words, { }1 1f f P= ∪ . 

Step 4: all of the following steps are continued until 
the number of particles existing in i front is not equal to 
zero ( 0if ≠ ). 

Step 4-1: 1 the set of particles considered in i+1 
front is recognized as Q and is considered equal to zero 
( 0Q = ). Afterwards, the following stages are carried out 
for each P particle existing in fi.  

Step 4-2: the following steps are taken for each par-
ticle (such as q) that exist in SP in fi. (It is notable that SP 
is a set of particles dominated by P particle in the pre-
vious stage). 

Step 4-2-1: a unit is subtracted from Nq, which 
shows the frequency of dominance of the q particle.  

Step 4-2-2: 2 if Nq=Ø shows that q particle is in fi+1, 
then Q must be moved with       

q ( { }1if Q q+ = ∪ ). 
Step 4-3: a unit is added to i (i=i+1) 
Step 5: after particle fronting based on the degree of 

dominance of other particles, a number of particles are 
selected to create the next generations. The feasibility of 
the solutions is determined based on the following two 
criteria: 

 Step 5-1: 1 rank priority: in this priority, those solu-
tions that have lower ranks or fronts are selected because 
the particles of these fronts can dominate most particles.  

Step 5-2: in some cases, the two selected particles 
might have the same rank. In other words, they might be 
in the same front. In this case, a criterion known as CD is 
applied, which is explained below.  

Step 5-2-1: for each ni particle, fi is considered as the 
number of particles existing in the particle.  

Step 5-2-2: the distance between particles in fronts is 
called d1, and the distance of all particles from each other 
is considered to be zero ( ( ) 0i if d = ). 

Step 5-2-3: each of the objective functions of the 
problem (such as m) is considered for each particle (such 
as j) in fi, and the following steps are taken: 

Step 5-2-3-1: in fi, all particles are sorted based on 
the m objective function. in other words, the particles 
existing in fi are sorted based on their objective functions 
separately.  

Step 5-2-3-2: following sorting particles in fi based 
on the m objective function, I(d) crowing distance of the 
first and last particles are considered equal to infinity 
( 1( ) ( )nI d I d= = ∞ ) 

This is mainly due to the lack of existence of another 
particle near the particles to cover them. The ( )kI d
crowding distance is determined for particles 2 to n-1 
based on equations 16 and 17.  

1( ) ... ( )K k k mCD I d I d= + +  (16) 

max min

( 1). ( 1).( ).k
m m

I k m I k mI d m
f f

+ − −=
−  (17)

 

In Equation 16, ( ).kI d m means the crowding dis-
tance from the m objective function. In order to calculate 
the total crowding distance, ( )kI d must be calculated and 
summed up for all objective functions, as shown in Equa-
tion 17. 

Step 5-2-4: following the calculation of crowding 
distance (CD), those particles that have a higher CD will 
be selected.  

Step 6: after particle selection in the previous stage, 
a pool is created called the selected population. After-
wards, genetic operators are used to create the population 
of offspring. The genetic operators used in this article are 
crossover and mutation operators. 

Step 7: after determining the population of offspring 
obtained from Pt genetic operators, this population is in-
tegrated with the main Qt population. Each pool has n 
capacity, and the particles that are integrated with each 
other must be eliminated. To this end, the following steps 
are taken to achieve n capacity.  

Step 7-1: particle fronting is performed based on the 
method explained in Step 2.  

Step 7-2: CD of each particle in fronts is determined.  
Step 7-3: the process starts from f1, where particles 

are selected based on their CD and are added to the new 
population pool (K+1). This step continues until the ca-
pacity of the new pool reaches n.  

Step 8: we move on to Step 2 after forming (K+1) 
population, and the stages are repeated until reaching the 
determined size.  

Figure 3 presents a schematic illustration of NSGA-
II algorithm. 

1

3

3

3

3

3

3

3



Investigating the Effect of Priority in Customer Service in Optimizing the Hierarchical Location-Allocation of Crowded Facilities in the Framework of Queuing Systems 
Vol 21, No 2, June 2022, pp.332-344, © 2022 KIIE 339
  

 

4. COMPUTATIONAL RESULTS  
In this section, a number of numerical examples are 

solved and analyzed to evaluate the model. According to 
Sherali-Nordai, the multi-facility location-allocation 
problem (facilities that can be used in each point of Euc-
lidean space) with certain parameters is considered an 
NP-hard problem. Therefore, the rational solution for 
such problems at different levels is to use heuristic and 
metaheuristic approaches. Therefore, the NSGA is used to 
solve the proposed model. Given the lack of finding simi-
lar studies in the literature, data are generated randomly to 
solve the model. In addition, since most location-
allocation articles have created the required data with 
uniform distribution, the same approach is applied in the 
present study to create the desired data. Table 1 shows the 
random parameters of the problem.  

4.1 The Second Version of the Non-Dominated 
Sorting Multi-objective GA  

This section uses a non-dominated sorting GA 
(NSGA) to solve the multi-objective problems. In the 
second version of NSGA (NSGA-II), which Deb et al. 
(2000) introduced, the crowding distance approach rep-
laces the sharing function, and an elitism approach is used 
to provide diversity in Pareto solutions. The NSGA-II is 
proposed to solve the model at different dimensions.  

 
4.1.1 Solution Display Structure  

In order to increase the feasibility of the solutions 
and meet more constraints, we use a specific method in 
the present research. The structure of the chromosomes 
showing the problem’s solution is in the form of the fol-
lowing matrix:  

1. The number of rows in this matrix equals the 
number of customers. 

2. The number of columns in this matrix equals the 
number of service delivery levels. 

3. Each entry of the matrix is a random number be-
tween one and the total number of facilities at 
that level. 

The structure of the mentioned chromosome is 
shown in Equation 18.     

11 1K

M1 MK

p Randi(1.J) p Randi(1.J)

p Randi(1.J) p Randi(1.J)

⎡ ⎤= =
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= =⎣ ⎦

 (18) 

In this chromosome, rows are considered in the 
number of customers (M) and columns are considered in 
the number of different serving levels (k). In addition, 
each entry of the matrix is a random number between one 
and the number of facilities at each level (J). To decode 
the chromosomes, the variables related to each customer 
that is allocated to each facility are considered to be one. 
By this allocation, the facility is established and the re-
lated variable is considered to equate one.  

 
4.1.2 Controllability of Solutions  

Given that this way of displaying chromosomes esti-
mates most of the constraints of the model, the solutions 
generated in each iteration of the algorithm may not neces-
sarily be feasible. This type of chromosome display guar-
antees the feasibility of constraints 6-9. The penalty func-
tion method is one of the common methods in dealing with 
constrained optimization problems, which turns these prob-
lems into unconstrained problems. Given the fact that the 
model presented in this research is of multi-objective type, 
the penalty function is added to both objective functions. 
The penalty method used in this study is as follows: 

( ) { }g(x)p x U*Max 0. 1
b

= −  (19) 

( )
( )x

F x
( ) ( )  ;

F if x feasible region
F x p x if x feasible region

⎧⎪ ∈⎪=⎨⎪ + ∈⎪⎩
 (20) 

Where U is the large positive value, g(x) shows the 
desired constraint, and p(x) expresses the penalty allo-
cated to the feasible chromosome. It is worth mentioning 
that the expression above is designed for constraints that 
are in the form of g(x) b≤ . 

 
4.1.3 Solution Sorting 

The solutions obtained in each population must be con-
verted into a local Pareto front using one of the sorting algo-
rithms. In this regard, the nondominated sorting approach is 
exploited in the present study (Coello et al., 2007).

 
Figure 3. A schematic illustration of NSGA-II algorithm. 

 

Table 1. Proposed values of parameters of the hierarchical 
location-allocation problem 

Parameter Values of Parametersd୧ μ୪ Uniform distribution (2, 16) 
Uniform distribution (40, 80) 

1

2

3

6

16

23

30
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4.1.4 Genetic Operators  
In this section, the random method is used to gener-

ate the members of the parent population. In addition, the 
substitution mutation and the substitution mutation and 
the single-point crossover operator are applied to create 
the population of the offspring. 

4.2 Tuning the Parameters of Multi-objective NSGA  

The solutions obtained from the metaheuristic ap-
proaches are sensitive to the values of the parameters 
selected for the algorithm (Coello et al., 2007). In this 
study, the optimal values of the parameters of the multi-

objective NSGA are tuned by the Taguchi method for the 
example samples at three levels. The values proposed for 
the parameters are considered based on previous studies 
and the trial-and-error method according to Table 2.  

According to the Taguchi standard table, two L9 and L27 
levels can be used by considering four three-level factors (Qa-
zani et al., 2021). In the present study, the L9 level is used due 
to fewer calculations. Ultimately, the optimal values of the 
algorithm parameters are tuned by Minitab software, as shown 
in Table 3. In addition, the values of the problem’s objective 
functions are solved for the shift and priority systems at differ-
ent levels using the multi-objective GA, the results of which 
are presented in Tables 4 and 5, respectively.  

Table 2. Levels of NSGA-II algorithm parameters 
Parameter Low Level Moderate Level High Level

Number of iterations 
Population size 
Crossover rate 
Mutation rate 

60 
20 
0.6 
0.2 

70 
30 
0.8 
0.3 

80 
40 

0.99 
0.4 

Table 3. Optimal values of NSGA-II algorithm parameters based on the Taguchi method 

Problem 
Number 

Problem Dimensions (M-N-K) Optimal Value of Algorithm Parameters 

(M-N-K) 
Population Size 

(Priority system-shift  
system) 

Number of Iterations
(Priority system-shift 

system)

Mutation Rate (Priority 
system-shift system) 

Crossover Rate  
(Priority system-shift 

system)
1 
2 
3 
4 
5 

3-2-2 
4-3-3 
6-6-3 
7-7-4 
12-8-5 

(30-20) 
(40-40) 
(20-20) 
(20-20) 
(20-20) 

(60-60) 
(60-80) 
(60-60) 
(60-60) 
(60-60)

(0.8-0.6) 
(0.6-0.8) 
(0.8-0.8) 
(0.8-0.8) 

(0.99-0.99)

(0.3-0.2) 
(0.2-0.2) 
(0.2-0.2) 
(0.2-0.2) 
(0.4-0.4)

Table 4. Values of the objective functions of the problems at various dimensions based on the shift system 

Problem  
Number 

Problem  
Dimensions 

Pareto Solution 
Number 

Value of the First 
Objective  
Function

Value of the Second 
Objective Function

Mean Value of the 
First Objective 

Function  

Mean Value of the 
First Objective 

Function

1 3-2-2 
1 
2 
3 

0.06045 
0.0859 
0.2227 

0.6863 
0.6098 
0.2941

0.1249 0.9261 

2 4-3-3 

1 
2 
3 
4 

0.03433 
0.03536 
0.366 

0.03863 

0.8831 
0.8467 
0.8594 
0.7273 

0.0362 0.8366 

3 6-6-3 

1 
2 
3 
4 
5 

0.03097 
0.03111 
0.03131 
0.03168 
0.03201 

0.962 
0.9577 
0.9492 
0.9114 
0.9014 

0.0314 0.9363 

4 7-7-4 

1 
2 
3 
4 

0.06338 
0.06361 
0.06421 
0.06494 

0.971 
0.8987 
0.8919 
0.8873 

0.2710 0.9158 

5 12-8-5 

1 
2 
3 
4 
5 
6 

0.1686 
0.1694 
0.1704 
0.3717 
0.3726 
0.3735 

0.9915 
0.9882 
0.9512 
0.8939 
0.8906 
0.7945 

0.2710 0.9158 

1

7

12

29
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Table 5. Values of the objective functions at different levels based on the queue priority system 

Problem 
Number 

Problem Di-
mensions 

Pareto Solution 
Number 

Value of the First 
Objective Function

Value of the Second 
Objective Function

Mean Value of the 
First Objective 

Function  

Mean Value of the 
First Objective 

Function
1 3-2-2 1 0.004489 0.8354 0.004489 0.8354
2 4-3-3 1 0.01502 0.5094 0.01502 0.5094 

3 6-3-3 
1 
2 
3 

0.02299 
0.02324 
0.024 

0.9 
0.8571 
0.7353 

0.0234 0.8295 

4 7-7-4 

1 
2 
3 
4 
5 
6 
7 

0.02963 
0.02974 
0.02988 
0.03006 
0.03144 
0.0322 
0.03317 

0.9605 
0.9571 
0.9545 
0.8961 
0.8947 
0.8857 
0.8788 

0.0309 0.9163 

5 12-8-5 

1 
2 
3 
4 
5 
6 

0.832 
0.08456 
0.8875 
0.0906 
0.09369 
0.1008 

0.9024 
0.8939 
0.8906 
0.8793 
0.8409 
0.8293 

0.0904 0.8721 

 

 
Figure 4. A comparison of the average of the first objective function in the queue priority system and the shift system. 

 

 
Figure 5. A comparison of the average of the second objective function in the queue priority system and the shift system 
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According to Figures 4 and 5, it could be concluded 
that that establishing a queue priority system not only 
reduces the total waiting time in the queue for each cus-
tomer but also reduces the total waiting time of all cus-
tomers in the queue. 

5. CONCLUSION  
The crowded facility hierarchical location-allocation 

problem is one of the most widely used location problems 
that have attracted the attention of many researchers of 
the field in the past two decades. The present study com-
pared the effect of the queue priority system on facility 
service provision to the impact of a shift system in this 
regard. Since the problem was of NP-hard type, the 
second version of a multi-objective NSGA was used to 
evaluate the efficiency of the model. In addition, the Ta-
guchi design was exploited to tune the parameters. Ac-
cording to the results, the priority system must be used in 
the design of hierarchical systems and facilities if the goal 
is to reduce the waiting time of a specific class of cus-
tomers. In other words, that class must be prioritized in 
order to decrease the mean waiting time in the queue of 
the entire system. Considering the priority mode in the 
queue and service provision process in the system means 
that the priority system is established, and customers with 
a higher priority are placed at the beginning of the queue. 
After entering the facility, if the customer receiving ser-
vice has a lower priority, their service is half-finished. 
The server will provide service to the customer with a 
higher priority, which can be an attractive area for future 
studies. 
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